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Abstract: This paper proposes the use of steel strain difference to analyse the tensile membrane 10 
action regions of two-way concrete slabs with relation to deflection while accounting for two 11 
failure criteria. The maximum load-bearing capacities and ultimate deflections of two-way slabs 12 
are subsequently determined. The proposed approach is compared with other theoretical methods 13 
and a numerical model of horizontally unrestrained concrete slabs presented by different authors. 14 
The rationality of the proposed method is validated through satisfactory comparison with results 15 
from experiments and numerical simulations.  16 
Keywords: reinforced concrete slabs; tensile membrane action; failure criteria; load-deflection 17 
curve; strain 18 
Notation 19 
Asx(y) x (or y)-direction reinforcement area per length 
A12 Area of Plate ① or ② 
A34 Area of Plate ③ or ④ 
ax(y) Height of equivalent compression zone (in the x or y direction) 
C Compressive force in concrete  
  2 
c Cover thickness of concrete 
d Deflection of the rigid plate 
dx Distance between support O' and the geometric centre of Plate ③ or ④ 
dy Distance between support O and the geometric centre of Plate ① or ② 
Ec Young’s modulus of concrete 
Es Young’s modulus of reinforcement 
fc Compressive cylinder strength of concrete 
fcu Cubic strength of concrete 
fy Yield strength of steel reinforcement 
h Slab thickness 
hcx(y) x (or y)-direction effective depth 
Ieff Effective moment of inertia of the cross-section 
Icr Moment of inertia of the cracked cross-section 
L Longer span of the rectangular slab 
l Shorter span of the rectangular slab 
Mux (Muy) Ultimate moments of resistance at the yield-line section in the x (or y) direction 
Mq12 (Mq34) Bending moments due to the applied vertical uniform load q12 (or q34) 
MTxh (MTyh) 
Bending moments due to the horizontal component of rebar force parallel to the 
x (or y) direction 
MTxv (MTyv) 
Bending moments due to the vertical component of rebar force parallel to the x 
(or y) direction 
Mcx (Mcy) Bending moments about the support induced by the compression force C 
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parallel to the x (or y) direction 
Msx (Msy) 
Bending moments about the support induced by the in-plane shear force S 
parallel to the x (or y) direction 
MQ1 (MQ2) 
Bending moments about the support O (or O') induced by the vertical shear 
force Q1 (or Q2) 
qs Load bearing capacity of the central region of the slab 
q's Load component of qs (central region) 
q12 Load bearing capacity of rigid Plate ① or ② 
12 ( )uxq M  Load component of q12 due to Mux 
12 ( )cxq M  Load component of q12 due to Mcx 
12 ( )sxq M  Load component of q12 due to Msx 
12 ( )yhTq M
 Load component of q12 due to MTyh 
12 ( )yvTq M
 Load component of q12 due to MTyv 
12 1( )Qq M  Load component of q12 due to MQ1 
q'12 Load component of q12 (Plate ① or ②) 
q34 Load bearing capacity of rigid Plate ③ or ④ 
q'34 Load component of q34 (Plate ③ or ④) 
34 ( )uyq M  Load component of q34 due to Muy 
34 ( )cyq M  Load component of q34 due to Mcy 
34 ( )syq M  Load component of q34 due to Msy 
34 ( )xhTq M
 Load component of q34 due to MTxh 
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34 ( )xvTq M
 Load component of q34 due to MTxv 
34 2( )Qq M  Load component of q34 due to MQ2 
q Load capacity of the slab  
qlimit Predicted ultimate load of the slab 
qtest Tested ultimate load of the slab 
Q1 Equivalent nodal shear force (Plate ① or ②) 
Q2 Equivalent nodal shear force (Plate ③ or ④) 
Q3 Equivalent nodal shear force (central rectangular region) 
Tx(y) The force in reinforcement parallel to the x (or y) direction 
( )x y vT   The vertical components of reinforcement force parallel to the x (or y) direction 
x, y, z Coordinate axis of the slab 
x0 (y0) Intersection point of the diagonal yield line and the central rectangular region 
w Deflection of the central region of the slab 
wtotal Total mid-span deflection of the slab  
wyield Mid-span deflection corresponding to the initial yield load 
δlimit Predicted vertical mid-span displacement of the slab 
δtest Tested vertical mid-span displacement of the slab 
θx(y) 
Rotation of the rigid plate around the edges of the slab parallel to the x (or y) 
direction 
θx,0 Initial angle as the tensile membrane action starts to develop (0.05 rad) 
θx,1 Angle at the approximate limit state (0.15 rad) 
α Angle defining the yield line pattern of the slab 
  5 
Ø Diameter of the reinforcing bar 
( )x y  The angle  
mid,sx  The average steel strain parallel to the x direction at mid-span  
edge,sx  
The average steel strain parallel to the x direction at the edge of the central 
region 
sx  Steel strain difference between mid,sx  
and edge,sx  
,0sx  Steel strain difference corresponding to θx,0 (1.0×10
-5) 
,1sx  Steel strain difference corresponding to θx,1 (8.0×10
-4) 
corner  Maximum compressive strain at the corners of the slab (top surface) 
cu  or su  Ultimate compressive concrete strain or steel strain 
1. Introduction 20 
In recent years, the tensile membrane action of reinforced concrete slabs under large 21 
displacements has been investigated by many researchers. The existing research has been 22 
advanced by two approaches. (1) The use of numerical models, such as the finite element method, 23 
to simulate the structural behaviour of two-way reinforced concrete slabs (Huang et al., 2003a; 24 
Huang et al., 2003b; Wang et al. 2013). The use of finite element-based models to analyse 25 
concrete slabs is fairly involved and relatively complex, but they are currently the most accurate 26 
tools for predicting the load-deflection response of RC slabs, as these models can incorporate both 27 
geometric and material nonlinearities. (2) The use of simple theoretical methods that consider 28 
tensile membrane action, several of which have been proposed to determine the load carrying 29 
capacities of two-way slabs (Cameron and Usmani, 2005; Bailey and Toh, 2007; Bailey and Toh, 30 
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2010; Li et al., 2007; Dong and Fang, 2010; Wang et al. 2015; Omer et al., 2010; Herraiz and Vogel, 31 
2016; Burgess 2017). Unlike finite element models, these methods can be easily applied in the 32 
engineering design process. 33 
Cameron and Usmani (2005) analysed the membrane action of restrained concrete slabs based 34 
on differential equations that described slabs with large deflections. However, for design purposes, 35 
a simply supported boundary condition can be assumed in the analytical model. Thus, Bailey and 36 
Toh (2007) proposed two failure criteria to predict the ultimate loads of unrestrained concrete 37 
slabs considering tensile membrane action. However, this simple method is based on rigid, plastic 38 
behaviour as the geometry of the slab changes and thus can only predict a linear relationship 39 
between the load and deflection. Additionally, the failure criteria proposed by Bailey and Toh 40 
(2007) leads to significant underestimation of the ultimate deflections and the corresponding 41 
load-bearing capacities (Herraiz and Vogel, 2016).  42 
Li et al. (2007) presented a new theoretical method for analysis of the limit load-bearing 43 
capacities of slabs based on a reinforcing steel failure criterion. However, the vertical shear forces 44 
along the yield line are not reasonably considered in Li’s method, and thus the limit load-bearing 45 
capacity is not equal between each component. Additionally, this method can predict neither the 46 
occurrence of the concrete compressive crushing at the slab corners nor the nonlinear 47 
load-deflection curves of the slabs in the membrane stage.  48 
Dong and Fang (2010) proposed a new analytical method for determining the ultimate loads of 49 
two-way reinforced concrete slabs based on the segment equilibrium method. In addition, Omer et 50 
al. (2010) proposed an energy-based, bond strength-dependent method for determining the limit 51 
loads of concrete slabs. Similarly, the load-deflection relationship predicted by Dong and Fang 52 
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(2010) and Omer et al. (2010) during the membrane action stage is linear. 53 
Herraiz and Vogel (2016) developed a new approach based on equilibrium and kinematics in 54 
which two failure criteria are used to determine the load-deflection curves of the concrete slabs. In 55 
addition, Burgess (2017) provided a systematic derivation of a new analytical approach to the 56 
tensile membrane action of lightly reinforced concrete slabs at large deflections. However, similar 57 
to the above methods, the enhancement factor tends to linearly increase with the deflection during 58 
the membrane action stage.  59 
In fact, there are two main reasons for the linear load-deflection relationship obtained from 60 
the above methods. On one hand, most of the existing methods are based on the unchanged 61 
conventional yield-line failure mode. On the other hand, due to the unchanged failure mode, the 62 
variation of the tensile membrane action region cannot be predicted, and thus the linear 63 
relationship between loads and deflections can be deduced. However, many experimental results 64 
have shown that the load-deflection relationships are nonlinear during the later stage, i.e., the 65 
structural stiffness gradually decreases with increasing deflection. Hence, new methods should be 66 
developed to predict more reasonable load-deflection curves and two failure modes.  67 
In this paper, a new method based on steel strain difference is established to predict the 68 
load-deflection curves of concrete slabs during the tensile membrane action stage. The concrete 69 
slab is divided into five parts: the edges are defined as four rigid plates, and the centre region is 70 
assumed to be rectangular (or square). Failure criteria based on steel deformation and concrete 71 
strain are proposed to determine the limit loads and ultimate displacements of the concrete slabs. 72 
Finally, the proposed approach is compared with other methods and numerical models using 73 
full-scale and small-scale unrestrained slab tests conducted by various authors (An, 2017; Bailey 74 
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and Toh, 2007; Ghoneim MG and McGregor JG, 1994; Taylor et al. 1966; Zhang et al. 2017). 75 
Overall, compared to the existing methods, the present method can more reasonably predict 76 
load-deflection curves during the membrane action stage and failure modes of the concrete slabs at 77 
the ultimate limit state. 78 
2 Proposed Method 79 
2.1 Assumptions 80 
The assumptions adopted in this approach are summarized as follows:  81 
(1) The slab is square or rectangular in plan, and the ratio between the length and width is not 82 
greater than two. 83 
(2) A slab can be divided into five parts defined by its yield lines: four exterior rigid plates and 84 
a central membrane region. For a rectangular slab, the central region is rectangular, and for a 85 
square slab, it is square.  86 
(3) The relationship between the angle of the surrounding rigid plates and the steel strain 87 
difference (in the central tensile membrane action region) is proposed to predict the 88 
load-deflection curves of concrete slabs. 89 
(4) Two failure criteria, based on steel deformation related to ultimate strain and concrete 90 
crushing strain, are established to determine the ultimate loads and displacements of concrete 91 
slabs.  92 
(5) Steel hardening and the bond between the concrete and reinforcement are not considered. 93 
(6) Vertical shear forces of the concrete slabs are considered based on the three centralized 94 
shear forces. 95 
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2.2 Initial angle 96 
As shown in Table 1, 16 concrete slabs are used in this paper because they are widely accepted 97 
to validate new methods (Bailey, 2001; Huang, 2003b; Herraiz, 2016; Dong and Fang, 2010; 98 
Wang et al. 2013; Wang et al. 2015). Apart from that of Slab S9, the angles (θx) of tested concrete 99 
slabs at the yield-line loads were between 0.02 rad and 0.08 rad, as shown in Table 2. Based on the 100 
Herraiz and Vogel method (2016), the average angle of deflection of each slab corresponding to its 101 
yield-line load is approximately 0.05 rad. Therefore, when the tensile membrane action of the slab 102 
begins to develop, its initial angle (θx,0) is assumed to be 0.05 rad in this paper. In addition, the 103 
yield-line load of each slab is calculated based on the conventional yield-line method.  104 
On one hand, θx,0 is characterized by the beginning of the tensile membrane action in the 105 
concrete slab. However, there is no doubt that, for one slab, θx,0 may be dependent on several 106 
factors, such as the steel ratio and slenderness ratio. Hence, an accurate analytical method should 107 
be established to obtain a reasonable value. On the other hand, θx,0 is mainly used to establish the 108 
relationship between the angle and steel strain difference, as discussed later.  109 
2.3 Analytical mode 110 
According to experimental observations (An, 2017; Bailey and Toh, 2007), through-depth 111 
tensile cracks of the concrete in a two-way slab often occur at the cross-sections. As a result of 112 
these through-depth cracks, the deflection model shown in Figs. 1(a) and 1(b) is adopted, in which 113 
the deflection of the face of the central region (⑤) under membrane action is approximated as a 114 
rectangular paraboloid, while Plates ①–④ are assumed to be rigid. The force distribution in the 115 
slab during the membrane action stage is approximated as shown in Fig. 1(c). 116 
2.4 Model parameters 117 
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(1) Determination of θy 118 
According to geometric compatibility (Fig. 1 (b)), θy can be expressed as 119 
 
0
0
( ) tan
2arctan
2
x
y
l
y
L
x


 
  
  
 
 
 (1) 
(2) Determination of x0 and y0 120 
According to Figs. 1(a) and 1(b), y0 and d can be defined as 121 
 0 0( ) tan
2 2
L l
y x     (2a) 
 0( )
2
y
L
d x  
 
(2b) 
As shown in Figs. 1(a) and 2, by the relationship of Point D (x0, 0) and the angle (θy), the 122 
equation of line ZDE can be defined as 123 
 0DE tan tany yz x x      (3) 
Using Points C (0, w) and D (x0, 0), the equation of the parabolic line ZBCD (in the x direction) 124 
can be determined as follows: 125 
 
2
2
0
( 1)BCD
x
z w
x
    (4) 
Therefore, according to Eqs. (3) and (4) and assuming the same slope at the intersection of the 126 
yield line and central region, x0 can be obtained by 127 
 
0
02
0
2
tanBCD y y
x x
dz w
x
dx x
 

        (5a) 
 
0
2
y
w
x

  (5b) 
(3) Steel strain difference 128 
As shown in Fig. 2, the parabolic line ZBCD is replaced by two diagonal chords (LBC and LCD), 129 
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meaning that the average strain in the reinforcing steel at mid-span can be expressed as 130 
 mid,sx
2 2DE CDL L L
L

 
  (6) 
where LDE is the length of rigid Plate ① or ②; LCD is the length of the central region. 131 
In a similar manner, the average strain edge,sx  
in the steel (Fig. 2) at the edges of the 132 
rectangular paraboloid can be expressed as 133 
 edge,sx
2 2DE ODL L L
L

 
  (7) 
where LOD (=LOB) is the length of the reinforcement at the edge of the rectangular paraboloid, i.e., 134 
x0, as indicated in Fig. 1(b). 135 
Using Eqs. (6) and (7), the following equations can be obtained: 136 
 
2
sx
CD OD
L
L L

   (8a) 
 mid,sx edge,sx-sx   
 
(8b) 
 0ODL x , 
2 2
0CDL x w 
 
(8c) 
According to Eqs. (5b) and (8a)-(8c), w can be obtained by 137 
 
2
4 2
2( 1 )
sx
yy
L
w





 
 
(9) 
Thus, according to Eqs. (2b) and (9), the mid-span deflection ( totalw ) of the slab 138 
can be defined as 139 
 totalw w d   (10a) 
 
total
2
0
( )
( )
24 2
2( 1 )
sx
y
yy
L
w w d
L
x




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



 
(10b) 
 (4) Angle-steel strain difference relationship 140 
According to Eqs. (1), (2a), (5b), and (9), the relationship between the angle (θx) and the steel 141 
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strain difference (
sx ) has a considerable effect on the tensile membrane action region (x0 and y0) 142 
of the slab. According to Eq. (9), 
sx  tends to nonlinearly increase with the angle θy (or θx). This 143 
leads to the nonlinear increase of x0 and y0 with an increase in deflection or angle.  144 
However, as the slab approaches the limit state, the tensile membrane action region (x0 and y0) 145 
does not change significantly because the complete membrane net is almost completely developed 146 
(Herraiz and Vogel, 2016). Therefore, the values of x0 and y0 (defining the tensile membrane action 147 
region) for a slab in the later stages of loading can be assumed to be constant. This implies that a 148 
linear relationship between the deflection (w) and the angle (θy) can be obtained using Eq. (5b). 149 
Experimental results in the literature (An, 2017) have verified this assumption, i.e., a central crack 150 
region on the bottom surface of Slab S0 remained basically unchanged in the later loading stages, 151 
and the width of several main cracks gradually increased until the ultimate limit mid-span 152 
deflection was reached. It is interesting to note that, with the increasing deflection of the slab, the 153 
linear relationship between the angle (θx) and steel strain difference ( sx ) accurately reflects the 154 
behaviour of the slab, as discussed later. 155 
According to the numerical analysis, the steel strain difference between concrete slabs at their 156 
yield-line loads and those at their limit state can be calculated, as indicated in Table 2. The 157 
numerical method of the steel strain difference will be discussed later. Because this approach 158 
requires neglecting a number of uncertain parameters and complex interactions between concrete 159 
and steel, 
,0sx  and ,1sx  are established as 1.0×10
-5 and 8×10-4 in this paper, with 160 
corresponding angles of 0.05 rad (θx,0) and 0.15 rad (θx,1), respectively. Meanwhile, θx,0 is 161 
determined based on the experimental results (Table 2), and θx,1 is determined according to the 162 
reference (Li, 2007). 163 
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The linear relationship between 
sx  and θx is defined as 164 
 ,1 ,0 ,0 ,1 ,1 ,0
,1 ,0 ,1 ,0
sx sx sx x sx x
sx x
x x x x
     
 
   
     
  
 
 (11) 
Due to a lack of experimental data (steel strains), the relationship between the angle and steel 165 
strain difference was established based on numerical analysis, and the numerical model was 166 
validated by a good correspondence between the predicted and measured bottom steel strain of 167 
Slab D1 (Ghoneim and McGregor, 1994), as shown in Fig. 3. Thus, taking Slabs B1, C1 and D1 as 168 
examples, Fig. 3 indicates that the relationship between the angle θx (rigid plate) and the steel 169 
strain difference sx  (membrane action region) is basically linear. Because of the neglect of the 170 
effect of other factors (bond-slip and local cracks), the present steel strain difference (Eq. 11) tends 171 
to be lower than the numerical results. 172 
Using Eqs. (1), (5b), (10b), and (11), the function for states between x0 and sx  can easily 173 
be obtained. As the steel strain difference increases, x0 and y0 (which define the membrane region) 174 
gradually increase until their peak values are reached. Note that x0 and y0 retain their peak values 175 
as the subsequent angle θx increases. In this case, according to Eqs. (1) and (5b), the value (2w/θy) 176 
remains constant until one failure criterion of the slab is reached. In all, if θx is given, x0 and y0 can 177 
be obtained using the above equations.  178 
2.5 Equilibrium equations 179 
(1) Internal force equilibrium equations 180 
As shown in Figs. 4(a) and 4(b), at the intersection of the central region and the rigid plates, 181 
the tension forces in the x- and y-direction reinforcement (Tx and Ty) can be decomposed into 182 
horizontal (Txh and Tyh) and vertical components (Txv and Tyv). 183 
According to Fig. 1(b) and Eq. (5b), for the x-direction reinforcement, x  can be obtained 184 
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by 185 
 
0
arctan( ) arctan
2
y
x
w
x


    (12) 
Thus,  186 
 
sin
2
y
x

    (13a) 
 2
cos 1
4
y
x

   (13b) 
The horizontal and vertical forces in the x-direction reinforcement are  187 
 2
cos 1
4
xh x x x
y
T T T

       (14a) 
 
sin
2
y
xv x x xT T T

     (14b) 
 x y sxT f A   (14c) 
According to Fig. 1(b), for the y-direction reinforcement, y  can be obtained by 188 
 
0
arctany
w
y
   (15) 
The vertical and horizontal component forces in the reinforcement parallel to the y direction 189 
are given by  190 
 cosyh y yT T    (16a) 
 sinyv y yT T    (16b) 
 y y syT f A   (16c) 
In this paper, x (y) is the angle of x (y)-direction steels at the edge of the tensile membrane 191 
region and increases with deflection. As discussed above, x (y) is used to get the horizontal and 192 
vertical components of x (y)-direction steel forces at a certain deflection. In fact, the variation of 193 
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x (y) also indicates that x (y)-direction steels extend and that the steel strain difference develops. 194 
According to Fig. 1(c), the equilibrium equations for in-plane forces in the x and y directions 195 
are 196 
 02 sin 2 cos 2 xhC S y T      (17a) 
 02 cos +2 sin 2 yhC S x T     (17b) 
As a result, C and S can be calculated using Eqs. (17a) and (17b) such that 197 
 0 0cos sinyh xhC x T y T      (18a) 
 0 0sin cosyh xhS x T y T      (18b) 
(2) Equilibrium equations of different regions 198 
For rigid Plates ①-④, the bending equilibrium equations about the support O (or O') can be 199 
determined according to Figs. 4(a) and 4(b).  200 
1. Bending equilibrium equations for rigid Plate ① or ② 201 
As shown in Fig. 4(a), the bending moment due to the vertical uniform load (q12) on rigid 202 
Plate ① or ② is defined as 203 
 12 12 12q yM q A d    (19a) 
 
0 0
12
(2 )( )
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2
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x L y
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  
(19b) 
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y x L
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x L
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(19c) 
The bending moment due to the horizontal (Tyh) and vertical components (Tyv) of the force in 204 
the reinforcement parallel to the y direction is defined as 205 
 002 ( )
2yh
T yh xy
l
M x T    (20a) 
  16 
 002 ( )
2yv
T yv
l
M x T y   (20b) 
As shown in Fig. 4(a), for rigid Plate ① or ②, the bending moment about the support O 206 
induced by the compression force (C) and the shear force (S) can be expressed as 207 
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 0/ [ ( / 2 ) / cos ]x ca C f L x     (21c) 
In addition, the bending resistance about the yield line parallel to the x direction can be 208 
determined by (Bailey and Toh, 2007) 209 
 
0
0.59
( ) ( 2 )
y
ux sy y cx sy
c
f
M A f h A L x
f
     (22) 
In this paper, the vertical shear forces acting along the yield lines were considered. This is 210 
accomplished by replacing the actual shear forces acting directly along the yield lines with two 211 
statically equivalent nodal forces, as indicated in Fig. 1(c). Therefore, the moment about the 212 
support O due to the vertical shear forces (Q1) of Plate ① can be determined by 213 
 
1 1 0
2 ( / 2 )QM Q l y    (23) 
According to Eqs. (19a), (20a), (20b), (21a), (21b), (22), and (23), the bending moment 214 
equilibrium equation for rigid Plate ① or ② about the support O can be obtained by 215 
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yv yhq T T cx sx ux Q
M M M M M M M       (24a) 
 
1 112 12 12 12 12
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2. Bending equilibrium equations for Plate ③ or ④ 216 
As shown in Fig. 4 (b), the bending moment due to the vertical uniform load q34 on the plate 217 
is defined by 218 
 34 34 34q xM q A d    (25a) 
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(25c) 
The bending moment due to the horizontal and vertical components (Txh and Txv) of the 219 
reinforcement force is calculated by 220 
 002 ( )
2xh
T xh y
L
M y T x    (26a) 
 002 ( )
2xv
T xv
L
M y T x   (26b) 
For Plate ③ or ④, the bending moment about the support O' induced by C and S can be 221 
expressed as 222 
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L
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M C h
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 0/ [ ( / 2 ) / sin ]y ca C f l y     (27c) 
The bending resistance per unit width about the yield line parallel to the y-axis can be 223 
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determined by 224 
 
0
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( ) ( 2 )
y
uy sx y cy sx
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M A f h A l y
f
     (28) 
As indicated in Fig. 1(c), the moment about the support O' due to the vertical shear forces (Q2) 225 
can be determined by 226 
 
2 2 0
2 ( / 2 )QM Q L x    (29) 
According to Eqs. (25a), (26a), (26b), (27a), (27b), (28), and (29), the bending moment 227 
equilibrium equation for Plate ③ or ④ about the support O' can be obtained by 228 
 
234
0
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3. Equilibrium equation of central Region ⑤ 229 
As shown in Fig. 4(c), the vertical components of the reinforcement force are 230 
 
' sinxv x yT T   , 
' sinyv y xT T    (31) 
Clearly, equilibrium requires that the shear forces acting on either side of the yield line be 231 
equal and opposite (Fig. 1(c)); thus, the following relationship is obtained: 232 
 3 1 2( )Q Q Q    (32) 
Thus, the load bearing capacity (qs) of the central region of the slab can be determined by 233 
 
' ' ' '
0 0 3 0 0 3
3
0 0 0 0
4 4
( )
4
yv xv yv xv
s s s
x T y T Q x T y T Q
q q q Q
x y x y
      
 
 (33a) 
 
' '
0 0
0 0
'
yv xv
s
x T y T
q
x y



 (33b) 
(3) Load capacity 234 
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The load-bearing capacity (Eqs. (24b), (30b), and (33a)) must be equal along the yield lines 235 
between individual plates and thus equal to that of the entire slab as follows:  236 
 12 34sq q q q    (34) 
Additionally, for a given load carrying capacity (q), the corresponding total mid-span 237 
deflection (wtotal) of the slab can be obtained using Eq. (10b).  238 
Fig. 5 shows the flow chart for analysing the load-deflection curves of concrete slabs based 239 
on the above equations, and thus an analytic solution for each slab can be obtained.  240 
2.6 Failure criteria 241 
(1) Compressive failure due to concrete crushing 242 
Failure is predicted by limiting the maximum compressive strain εcorner at the corners (on the 243 
top surface) to the ultimate compressive concrete strain εcu (in the range of 0.0033-0.0038) (Ye, 244 
2005). The higher ultimate concrete strain (0.0038) was used due to higher compressive strength 245 
(small-scale slabs in Table 1), and the ultimate concrete strain of full-scale slabs with lower 246 
concrete strength was taken as 0.0035. 247 
εcorner is estimated assuming elastic behaviour of the concrete under the combined action of 248 
the bending moment and axial force such that  249 
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k is one modified factor. On one hand, because the concentrated force (C) is used in Eq. (35a), 250 
k should be 2.0 based on the triangle distribution of the compressive stresses (Fig. 1(c)). 251 
Alternately, for the normal concrete (fc: 15-40 N/mm
2), the peak strain corresponding to fc is 252 
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approximately 2.0×10-3, its crushing strain ranges from 3.5 to 3.8 (×10-3), and the maximum ratio 253 
is approximately 1.9. However, for the proposed method, εcorner was calculated based on the elastic 254 
property (i.e., Ec). Hence, to coincide with the conventional concrete crushing strain, k is further 255 
multiplied by 2.0. In all, k is assumed to be 4.0 in this paper.  256 
(2) Reinforcement failure 257 
To define the steel failure mode of one slab, the ultimate steel strain εsu at mid-span must be 258 
considered, such as 0.01 (GB50010-2010, 2011). In addition, according to the reference (Bailey 259 
CG, 2001), the mid-span steel strain εs can be calculated by 260 
 
2
2
8
3
total
s
w
l
    (36) 
Eq. (36) assumes that the strain is a uniform value along the length of the slab. According to 261 
the numerical model, as the central steel in the shorter span direction reached 0.01, the average 262 
steel strain and the average span-to-deflection ratio (l/wtotal) were approximately 0.005 and 23.2, 263 
respectively, as shown in Table 3. Finally, to define the reinforcing failure mode, the limiting 264 
mid-span deflection of the slab can be determined using l/20, and this failure criterion conforms to 265 
that proposed in the references (Kodur and Dwaikat, 2008; Wang et al. 2015). 266 
3. Verification and Discussion 267 
Results from full-scale and small-scale concrete slab tests conducted by different authors are 268 
used for this comparison. In addition, for FE modelling, due to the double symmetry of both 269 
support and loading conditions, only a quarter of each subject concrete slab is analysed, and the 270 
even mesh adopted for each concrete slab is shown in Table 1. The details of the nonlinear FE 271 
element model used for the validation can be found in the literature (Wang et al., 2013). 272 
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3.1 Comparison of the proposed method with experimental and other theoretical results 273 
The load-deflection relationships of concrete slabs were predicted by different methods, as 274 
shown in Fig. 6. Note that, owing to space limitations, only four slabs (Slabs B1, C1, F1 and M4) 275 
of 16 tests (Table 1) are plotted in this paper. Meanwhile, considering that the values of the angle 276 
and steel strain difference were derived based on the 16 tests (Table 1), and thus Slabs S8, S12, 277 
S18 and S20 (Herraiz, 2016) were used to further validate the rationality of the proposed method, 278 
as indicated in Fig. 6. As shown in Table 4, the predictions of qlimit and δlimit by different theories 279 
are compared against the experimental results (qtest and δtest). The results are summarized as 280 
follows: 281 
(1) Fig. 6 show that, during the membrane stage, the load-deflection curves estimated by the 282 
proposed design method agree well with the experimental results. The predictions for small-scale 283 
slabs, however, show a larger deviation from the tests due to the low flexural component of the 284 
small-scale test slabs. Because the contribution of flexural components is overestimated in the 285 
proposed methods, they assign a stiffer behaviour to the small-scale slabs than that present in 286 
reality. Additionally, the steel used in the small-scale test specimens did not exhibit a distinct yield 287 
plateau, instead exhibiting strain hardening behaviour (Bailey and Toh, 2007). Because strain 288 
hardening behaviour is considered beyond the scope of the research presented in this paper, 289 
disagreements between the predicted and experimental results are to be expected.  290 
Clearly, Bailey’s and Dong’s methods lead to linear load-deflection predictions that do not 291 
conform to the experimental curves, especially for full-scale test slabs, because the two methods 292 
do not consider M-N interaction (i.e., moment-membrane action) along the yield lines. This 293 
limitation may not have a large impact on the predictions for small-scale test specimens due to the 294 
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low flexural component. However, for full-scale test slabs, M-N interaction plays a significant role 295 
in the load-deflection relationships.  296 
(2) As shown in Table 4, the predictions based on the conventional yield line method are 297 
relatively conservative due to its neglect of the tensile membrane action. Under Bailey’s and 298 
Dong’s methods, the average load ratios (qlimit/qtest) were 0.79 and 0.89, respectively, and the 299 
average displacement ratio (δlimit/δtest) was 0.43. The predictions obtained using Bailey’s and 300 
Dong’s approaches underestimate the ultimate limit loads and deflections due to their conservative 301 
semi-empirical failure criteria.  302 
For the proposed method, the average load ratio (qlimit/qtest) was 1.09, with an average 303 
displacement value (δlimit/δtest) of 0.94. In addition, when using the finite element method, the 304 
average values of qlimit/qtest and δlimit/δtest were 1.06 and 0.98, respectively. In all, compared with 305 
the numerical model, the presently proposed approach is relatively simple and can be easily used 306 
in engineering design practice.  307 
3.2 Comparison with numerical results 308 
As discussed above, for the proposed method, x0 and y0 are two key parameters in determining 309 
the distribution of membrane action in concrete slabs. Therefore, the results from the numerical 310 
model were used to verify the rationality of these two parameters as predicted by the proposed 311 
approach. The details are as follows: 312 
(1) Fig. 7(a) shows the variation of the two parameters x0 and y0 with the mid-span deflection 313 
of Slab B1, and Fig. 7(b)-7(d) show the distribution of tensile membrane traction in Slab B1 at 314 
different loads as predicted by the proposed method and by the numerical model. In these plots, 315 
the lengths of the vectors are proportional to their magnitudes; black thin lines denote tension, and 316 
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red thick lines denote compression. Note that, taking Slab B1 as an example (Fig. 7(d)), the 317 
average steel strains ( edge,sx  
and mid,sx ) and strain difference ( ,1sx ) for Slab B1 can be 318 
obtained according to the strains at Gauss points (pink centre lines). Similarly, 
,0sx  
and 
,1sx  319 
of other slabs can be obtained using this method, as indicated in Table 2. 320 
As shown in Fig. 7(b), at the early stage of membrane action, the membrane forces in the slab 321 
vary significantly, and the membrane action region develops rapidly, leading to a rapid increase in 322 
the load capacity of the slab. According to the numerical results, during the final stage of loading 323 
behaviour, the distribution of membrane forces remains basically unchanged, as indicated in Figs. 324 
7(c) and 7(d). Clearly, the x0 (or y0) value vs. deflection curve predicted by the proposed method 325 
generally reflects this behaviour, indicating that the assumptions of peak values for x0 and y0 are 326 
relatively reasonable. 327 
(2) x0 (or y0) and the corresponding area (x0 × y0) predicted by the proposed method and 328 
numerical model are shown in Table 5. The value of A1/A2 ranges from 0.41 to 0.94, with an 329 
average value of 0.67, indicating that the values of x0 and y0 for the concrete slabs obtained using 330 
the proposed method are smaller than those provided by the FE numerical model, especially for 331 
small-scale slabs. In all, this comparison indicates that the relationship given in Eq. (11) has a 332 
considerable effect on the key parameters of the proposed method.  333 
3.3 Parameter analysis 334 
Taking Slab C1 as an example, the effects of four parameters (θx,0, θx,1, ,0sx  and ,1sx ) 335 
on the load-deflection curves are shown in Fig. 8. As discussed above, the reference values of the 336 
four parameters are 0.05, 0.15, 1.0×10-5 and 8×10-4, respectively. For each case, one parameter 337 
was changed, and the other parameters were kept unchanged. 338 
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As shown in Fig. 8, four parameters have important effects on the load-deflection curves of 339 
the concrete slabs during the membrane action stage. On one hand, θx,0 and ,0sx  have 340 
considerable effects on entire load-deflection curves, and θx,1 and ,1sx  have important effects 341 
on the later load-deflection curves. On the other hand, the carrying capacities of the concrete slab 342 
decrease with increasing θx,0 (or θx,1), but they increase with increasing ,0sx  (or ,1sx ). Clearly, 343 
this is due to the decrease or increase of the membrane action region (i.e., x0 and y0), as indicated 344 
in Eqs. (2a) and (5b).  345 
4. Conclusions 346 
Based on the results of this study, the following conclusions can be drawn: 347 
 (1) A new analytical method, based on five parts (four rigid plates and one centre region), the 348 
steel strain difference and two failure criteria, is established to predict the load-carrying capacity 349 
of concrete slabs during the tensile membrane stage. In addition, the linear steel strain 350 
difference-angle relationship is proposed in this paper. 351 
(2) The method can reasonably predict the nonlinear load-deflection curves, tensile membrane 352 
region and failure modes of the concrete slabs. Meanwhile, the tensile membrane region predicted 353 
by the proposed method is relatively smaller than the numerical results. 354 
(3) The angle, steel strain difference and their relationship have considerable effects on the 355 
load-carrying capacity of the concrete slabs; the load-carrying capacity of one slab decreases with 356 
increasing angle and increases with increasing steel strain difference. 357 
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Figures 425 
Figs. 1(a)-1(c) 426 
 427 
(a) Division of the slab and coordinates of plates 428 
 429 
(b) Diagram of plate deflection (one quarter slab) 430 
 431 
(c) Force distribution in plan view 432 
Fig. 1 Analytical model considering tensile membrane action 433 
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Figs. 2 435 
 436 
 437 
 
 
 
 
Fig. 2 Cross-section of the slab parallel to the x direction (left), and strains 
mid,sx  and edge,sx  parallel to the x direction (right) 
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Fig. 3 442 
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Fig. 3 Comparison of the predicted and measured load-strain of the midspan bottom steel in Slab D1 (left), 
numerical result and proposed steel strain difference-angle model of Slabs B1, C1 and D1 (right) 
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Figs. 4(a)-4(c) 444 
 
(a) Diagram of forces in rigid Plate ① or ② 
 
(b) Diagram of forces in rigid Plate ③ or ④ 
 
(c) Diagram of forces in the central Region ⑤ 
Fig. 4 Diagram of the forces in rigid Plates ①–④ and central Region ⑤ of the slab 
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Fig. 5 447 
 448 
 449 
Fig. 5 Flow chart for calculating the load-carrying capacity of concrete slabs 450 
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Fig. 6 452 
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Fig. 6 Comparison between experimental results and the load-carrying capacity of concrete slabs 
calculated by different methods 
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Figs. 7(a)-7(d) 454 
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Fig. 7 Comparison of the membrane action regions of Slab B1 as predicted by the present method (blue 
dotted lines) and the numerical model at different loads 
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Fig. 8 459 
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Fig. 8 Effects of four parameters (θx,0, θx,1, ,0sx  and ,1sx ) on the slab’s load carrying capacities as 
predicted by the proposed method 
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Tables 488 
Table 1. Material properties of reinforced concrete slabs 489 
Test Reference Slab Mesh 
Dimension 
L×l×h (mm) 
Reinforcement 
Asx 
(mm2/m) 
Asy 
(mm2/m) 
Cover 
c 
(mm) 
fcu 
(MPa) 
hcx 
(mm) 
hcy 
(mm) 
Ø 
(mm) 
Es (GPa) fy (MPa) 
Taylor (1966) 
S1 4×4 1829×1829×50.8 206.8 375.9 233.5 280.2 4.74 35.0 38.92 43.68 4.76 
S6 4×4 1829×1829×50.8 206.8 420.8 200.0 233.5 4.74 35.3 38.92 43.68 4.76 
S7 4×4 1829×1829×44.5 206.8 375.9 280.2 320.0 4.74 38.2 32.72 37.48 4.76 
S9 4×4 1829×1829×76.2 206.8 375.9 142.0 160.0 4.74 33.3 64.32 69.08 4.76 
Ghoneim 
and McGregor (1994) 
B1 5×5 2745×1829×68.2 181.5 450.0 260.0 260.0 10.03 23.4 55.00 48.70 6.35 
C1 4×4 1829×1829×67.8 181.5 450.0 260.0 260.0 7.83 31.5 50.50 56.80 6.35 
D1 4×4 1829×1829×92.8 181.5 450.0 364.0 364.0 6.93 32.6 76.40 82.70 6.35 
Zhang (2017) 
F1 4×4 2700×2700×100 205.0 315.0 279.3 279.3 15.0 35.4 73.00 81.00 8.00 
J1 3×7 4600×2700×100 200.0 315.0 279.3 279.3 15.0 35.4 73.00 81.00 8.00 
Bailey and Toh (2007) 
M2 8×6 1100×1100×19.1 201.0 732.0 90.5 90.5 5 38.0 10.47 12.89 2.42 
M3 8×6 1700×1100×22.0 201.0 451.0 72.4 68.6 5 35.3 14.75 16.26 1.53 
M4 8×6 1100×1100×20.1 201.0 451.0 72.4 68.6 5 35.3 12.85 14.36 1.53 
M5 8×6 1700×1100×18.9 201.0 406.0 133.6 135.5 5 37.9 11.69 13.16 1.47 
M6 8×6 1100×1100×21.6 201.0 406.0 133.6 135.5 5 38.6 14.39 15.86 1.47 
M7 8×6 1700×1100×20.4 201.0 599.0 43.6 44.7 5 41.6 14.13 14.98 0.84 
An (2017) S0 8×6 2700×2700×100 200.0 414.0 503.0 503.0 15.0 25.0 73.00 81.00 8.00 
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Table 2. Initial deflection angle and steel strain difference of concrete slabs 492 
Parameter 
Slab 
S1 S6 S7 S9 B1 C1 D1 F1 J1 M2 M3 M4 M5 M6 M7 S0 
θx,0 # (10-2) 5 2 3 0.1 4 4 3 2 6 7 5 4 8 5 4 2 
θx,0 *(10-2) 5 5 4 7 6 6 9 6 6 2 3 2 2 3 3 6 
,0sx  (10
-5) 2.4 3.0 4.7 2.8 2.8 6.6 11.7 0.9 0.5 10.6 1.0 0.9 1.1 11.6 0.8 0.5 
,1sx  (10
-4) 18.1 24.4 29.1 15.3 19.8 24.0 20.6 5.8 22.8 23.5 26.1 27.8 34.4 36.8 16.6 5.2 
#: based on the conventional yield line load and the tests; *: based on Herraiz and Vogel method (2016). ,0sx : at the conventional yield line load; ,1sx : at the limit load. 493 
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Table 3. Average steel strain in concrete slabs as predicted by the numerical model 495 
Parameter 
Slab 
S1 S6 S7 S9 B1 C1 D1 F1 J1 M2 M3 M4 M5 M6 M7 S0 
Average strain 
（10-3） 
5.6 5.6 5.6 5.9 5.0 5.7 5.5 4.9 4.3 5.2 4.7 4.8 4.3 5.0 3.5 4.4 
l/wtotal 21.8 21.9 21.8 21.5 23.1 21.7 22.0 23.4 24.8 22.7 23.9 23.6 25.0 23.1 27.5 24.7 
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 498 
Table 4. Comparison of measured and calculated ultimate loads and displacements of concrete slabs 499 
Slab qtest (kPa) δtest (mm) 
qlimit (kPa) qlimit/qtest δlimit (mm) δlimit/δtest 
Yield line 
Bailey 
(2007) 
Dong 
(2010) 
FEM 
Present method 
Yield line 
Bailey 
(2007) 
Dong 
(2010) 
FEM 
Present method Bailey (2007) 
/ Dong (2010) 
FEM 
Present method Bailey (2007) 
/ Dong (2010) 
FEM 
Present method 
εcu l/20 εcu l/20 εcu l/20 εcu l/20 
S1 42.9 81.3 25.6 32.7 33.5 47.7 - 50.5 0.60 0.76 0.78 1.11 - 1.18 33.8 76.4 - 91.5 0.42 0.94 - 1.13 
S6 39.6 81.3 24.3 30.9 32.3 40.9 - 47.8 0.61 0.78 0.82 1.03 - 1.21 35.7 96.9 - 91.5 0.44 1.19 - 1.13 
S7 39.0 97.9 24.8 33.0 34.4 40.0 52.4 - 0.64 0.85 0.88 1.03 1.34 - 33.8 75.7 86.3 - 0.34 0.77 0.88 - 
S9 38.1 83.8 25.7 30.7 30.4 39.6 - 38.2 0.67 0.81 0.80 1.04 - 1.01 33.8 35.9 - 91.5 0.40 0.43 - 1.09 
B1 45.9 101.2 29.1 38.5 40.0 48.5 - 45.8 0.63 0.84 0.87 1.06 - 1.00 59.2 105.2 - 91.5 0.58 1.04 - 0.90 
C1 73.9 91.2 42.8 52.3 47.1 71.0 - 72.7 0.58 0.71 0.64 0.96 - 0.98 39.4 121 - 91.5 0.43 1.33 - 1.00 
D1 109.4 101.7 89.3 103.2 95.5 115.2 - 132.0 0.82 0.94 0.87 1.05 - 1.21 39.4 141 - 91.5 0.39 1.38 - 0.90 
F1 33.2 141.0 20.6 26.8 23.6 32.5 - 37.1 0.62 0.81 0.71 0.98 - 1.12 45.8 139.3 - 135 0.33 0.99 - 0.96 
J1 20.3 152.0 13.4 18.7 16.2 19.8 - 22.9 0.66 0.92 0.80 0.98 - 1.13 78.1 158.0 - 135 0.30 1.04 - 0.89 
M2 27.0 60.4 13.8 20.3 32.7 31.3 34.7 - 0.51 0.75 1.21 1.16 1.28 - 28.5 54.7 40.8 - 0.47 0.91 0.68 - 
M3 12.3 85.4 6.4 9.1 12.7 13.9 - 10.2 0.52 0.74 1.03 1.13 - 0.83 34.5 76.4 - 55.0 0.40 0.89 - 0.65 
M4 18.3 65.2 8.2 11.9 14.8 18.7 - 20.8 0.45 0.65 0.81 1.02 - 1.14 22.3 49.6 - 55.0 0.34 0.76 - 0.84 
M5 17.9 68.1 8.7 12.7 18.2 19.0 13.9 - 0.49 0.71 1.02 1.06 0.78 - 32.8 65.4 47.3 - 0.48 0.96 0.69 - 
M6 27.0 48.0 15.7 21.2 27.7 29.5 - 38.0 0.58 0.79 1.03 1.09 - 1.41 21.2 47.8 - 55.0 0.44 1.00 - 1.15 
M7 8.7 49.7 5.1 7.7 10.1 10.4 - 7.9 0.59 0.88 1.16 1.20 - 0.91 39.8 69.4 - 55.0 0.80 1.40 - 1.11 
S0 92.7 136.0 52.8 57.2 60.8 91.5 - 85.9 0.57 0.62 0.66 0.99 - 0.93 53.2 93.5 - 135.0 0.39 0.69 - 1.00 
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 Table 5. Comparison of tensile membrane action parameters based on the finite element and proposed methods 502 
Model x0 or y0 (m) 
Slab 
S1 S6 S7 S9 B1 C1 D1 F1 J1 M2 M3 M4 M5 M6 M7 S0 
Present 
x0 0.30 0.30 0.30 0.29 0.63 0.30 0.30 0.44 1.14 0.18 0.40 0.18 0.40 0.18 0.40 0.54 
y0 0.30 0.30 0.30 0.30 0.29 0.30 0.30 0.44 0.42 0.18 0.17 0.18 0.17 0.18 0.17 0.54 
A1=x0×y0 0.09 0.09 0.09 0.09 0.18 0.09 0.09 0.19 0.48 0.03 0.07 0.03 0.07 0.03 0.07 0.29 
FEM 
x0 0.34 0.34 0.31 0.31 0.69 0.34 0.34 0.54 1.28 0.27 0.43 0.27 0.43 0.27 0.43 0.62 
y0 0.34 0.34 0.34 0.31 0.37 0.34 0.34 0.54 0.50 0.27 0.27 0.27 0.27 0.27 0.27 0.62 
A2=x0×y0 0.12 0.12 0.11 0.10 0.26 0.12 0.12 0.29 0.64 0.07 0.12 0.07 0.12 0.07 0.12 0.38 
Present/ FEM A1/A2 0.75 0.75 0.85 0.94 0.71 0.78 0.78 0.65 0.75 0.41 0.60 0.41 0.60 0.41 0.60 0.75 
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